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T— ) IEB|EMEBEDARY FILAHT

Spectrum Analysis of Earthquake and Fourier Transform

IOV X T HIRB O AT FOVIEITAM) CRIGIEE, BERHRS) el L
CUWE T, : The original of this document was from the above text book.

- HRRVOEETDE . =S (Strong-Motion Acceleration: SMAC)
- Imperial Valley Earthquake at EL Centro(1940.5.18) 326gal : AFHRI D= DOl
(Record of the first strong motion due to earthquake in the human history)

+ Arvin-Tahachapi Earthquake at Taft(1952.7.12) 147gal

- HERDEERE (Properties of Earthquake Wave)
RIGE LT 5 Ml — RS RICK L CH X 2 EBAEEX D10 DFIRTRNY,
+ KRS (maximum amplitude)
- HkGERERT (duration time)
- EliEHER (envelope curve) : EZH) (principal shock)
* %% (numbers of wave)
- WA (periods)
+ =R/L¥X (Energy)

Principal shock
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BAR (sec)

Duration time
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Finite Fourier Approximation of Time History and Time Series
and its Formulations

1) Approximation of digital time history data with Tri-angle series

Discrete System: At > 0 : data sampling interval

(ts %), (6. %), (3, %), s (tyys Xyy) *-..N=(N-1) +1: data: N conditions
Duration Time: T =N At (1.1)
Time: t=mAt(m=0, 1,2, -..,N-1) (1.2)
A data point: X, = x(m At)

Al sec
N
7N /w\"f :
| ¥ mam m=15
L tamatl sec J .
™ —— T=NAl=Bsaec il

N:16(m:0 - 15) IX0o X1y eennnnn , X15.
duration time: T=16xA4t

2) Approximation of digital time history data with_infinite tri-angle series

2.1
+ B, +B,sint+B,sin2t+----+B, sinkt +---- @b

What is the period T, of cos(kt)or sin(kt)?
coskt = cos k(t +Tp)= cos(kt +27) = cos k[t + 2%)

AO+A|cost+A2c052t+~-~-+Akcoskt+-~~}

2

Tp = T: As Kk increases, the period T, decrease

(the frequency f=1/T, increases).
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i[Ak coskt + B, sinkt]

k=0
27
NAt

Z A cos—ziZkt + B, sin —Zﬂkt
= NAt NAt

t

2
replace t by ?ﬂt or

3) Approximation of digital time history data with finite triangle series

Set k to be from 0 to N/2

N/2 N/2
xm:Z{AKcosil—ﬂLtJersinz—m} Z{AKcos ﬂkm+Bksin27il(m}

k=0

A AL AL AL Ay,
B,,B B

Here, Number of unknown coefficients is 2(N/2+1)
Bo’ 15 D257 Dys ™t BN/2

Number of unknown coefficient 2(N/2+1) =N+2 > number of conditions (data) N

Erom partial consideration,

27Kkm

For the case of k=0, AOCOSZﬂkm=A0~1=A0 and B, sin =B,-0=0

For the case of k =N/2, BN/Zsmz”k 7BN/7s1n7zm 0

Consequently, Eq.(3.1) is reduced to

N/2-1

Xp = Ay + Z {Ak COSMJ+ B, sinzﬂkTm}+ Ay cosw

k=1

For convenience
N/2-1

Xo= A J2+ Z[A‘COS

A)’ AI Az Ak N/z 12 AN/z
Bl, Bz’...7 Bkv'“? B

+B sinzﬂkTm:‘+ AN/2/ZCOSM

N/2+1+N/2-1=N
N/2-1
Therefore

—_

Numbers of unknown coefficient N = Condition Equation N

(22)

(2.3)

3.1

(32

(33)

(3.4)

(3.5)

(3.6)

3.7

(3.8)
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4) Determination of A, and By with orthogonal property of triangle functions

¥ =A% 2/ Why do we use triangle functions for Fourier approximation?

Z A B%CR OB A % FIH 3 % (We utilize orthogonal property for Triangle Functions)

2cosa-cos = cos(a+ﬂ)+ cos(a— )
2cosa-sin f§ = cos(a + f8)—sin(a - f)
2sine-sin = —cos(a + B)+cos(a— )
2cos’ a =1+cos2a

2sin’ @ =1-cos2a

cosa +cos(a + f)+cos(a +28)+----+cos{a + (N —1)8}

~-+sin{a+(N -1)8}
sin(a + Nz_lﬁ)sinM

sina +sin(a + B)+sin(a +28)+

_ 2
sin s
2
if =0, summarize the results.
N
cos ﬁ sin—— ﬁ
cos fim=
% sin s
2
. N-1 . N
N-I sin f-sin—— ﬂ
sin fm = 2 B
m=0 sin-
2

u 27z1m 27zkm N/2 k=1
Zcos
N 0 k=l

S 27z|m 27km {N/Z k=l

Zsin sin——=
- N N 0 k=l
ES. 27ilm  27km

cos——=0
m=0 N N
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For A¢
fEZIE, A ERDS, | Forexample, we calculate the factor Ay,
N/2-1
=A/2+ Z{A cos +BI sinZﬂim}+AN/z/2cosM 4.1)

1) oW1z cos(27km/N ) 244132 / Multiplication of cos(22km/N) to Eq.(4.1).
X,, cos(2zkm/N )= %cos 2ﬂ£m

N m o 27km 27m _ 27km
+ +B;si
Z{Acos N , sin N cos N }
A
+L/ZCOSMCOSMJ 4.2)
N
2ym=075m=N—-1FTHRFAALS / Summation from m=0 to m=N-1 in Eq. (4.2)
N-1 N-1
me cos(Zﬂkm/N):%Z(:os 27km (>0)
m=0 m=0
N/2-1[ N-1
+ Z {Z A cos 2ﬂlmcos Zﬂﬁm}
N/2-1[ N-1
+Z{z Bsm coszﬂkm}(»())
=]
A
+ﬂcosmcos”ﬂ( >0 43)
2 N N

1st term, 3rd term and 4th term in right formula =0 with account for the orthogonal
N-I -1
m 27zkm
Z X, cos(2zkm/N ) = z A {Z cos N } (4.4)
m=0
NG 2zm 27km
N

z A Zcos cos

2Nl

}:Al 0+ A, -0+ + A ~%+~~~+ Aypa0  (45)

ZX cos (4.6)
% lx 27zkm
Z cos k=0,1,2,-,N/2-1,N/2 @
72)( sin k=12,--,N/2-1 ’

=1 "
NI

%=ﬁ X, : mean value (4.8)
m=0
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3)ERIEE% X(t) 3Tl Fourier Approximation
t=mAt, m=L 4.9)
At
& 27kt N/2
X(t)zAO/2+Z::{Akcos t+B SmNA}—AN/Z/ZC 0s IEIA/t)[ (4.10)

(a)

15 2

iz

(d) =

Ve fie =1 | Tz =24t
RS 2A1
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5) Spectrum Properties
N 27kt 27kt 272(N/2)
x(t)~ A2+ ; {Ak cos o + B, sin N At +A,/2cos N AT 5.1
DEKES - F#A (Frequency/Period)
o, = k=27% (52)
“ 7 NAt T '
27 T NAT 1 k k
T, =—"—=—=——, fi=0=—=—+— (5.3)
o, k k T, T NAT
— k=0, f,=f,=0: EJiks(Cascade Component)
N-1
i:LZXm LRDOP O EMED R L (5.4)
2 N m=0
— k=0, f #0:
f1< f2<“'fN’271< fN’Z’ T1>T2>“'TN/2—1>TN/2 (5.5)
— fRT 2B HIE e b (Discontinuity of Decomposed Frequency)
1
AM=f_ —f=—o 5.6
k+1 k NAt ( )
2)E AR ENH(Fundamental Frequency)
1 1 1
fl=—=s=—x (5.7)
T T NAT
3)F 4 F X MEBIBM(Nyquist Frequency)  43fi#HE : Resolving power
T HH FTBE 72 i JE R 2R O B S /: Limit value of detection possible high frequency
1 1
fop=——=—— (5.8)
VU, 24T
1
At=0.01 (sec.) — f, =———=50Hz 5.9
(sec) = Ty 2001 (5.9)
4)IRIE - GL#8 A (Amplitude/Phase Angle) E#RIE2 D
A, cos(wt)+B, sin(at)= X, cos(wt + ) (5.10)
X, =+/A +B; (5.11)
p= tan’l(—ij (5.12)
A
4H7—1) T (RiB) RRY kJL(Fourier Amplitude Spectrum/ Fourier Spectrum)
TE Xy dimension: [X ‘ ][sec.] (5.13)
5)/8 T —ZX X% b JL(Power Spectrum): Invariant Value
N-I N/2-1
Y RA=TIC,[ +2 Y TIC,[+T[Cyu[  Cy: st — v et (5.14)
m=0 k=1
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Acc., (gal) Acc., (gal)

Acc., (gal)

Fourier Amp, (cm/sec)
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6) Finite Fourier Approximation with Complex Number 7) Fast Fourier Transform (FFT)
c=a+ib: c:complex number, a:realpart, b:imaginary part, i=~/—1 6.1)
‘C‘ =+a*+b? : absolute value (6.2) ¢ ¢ C G C G C G 1x8
2 . — [l 53]
c-c' = ‘C , ¢'=a-ib: conjugate complex number (6.3)
e’ = (cos@ +isin@): Euler’s Formul 6.4 oo 2X4
= + : Euler’s Formula (6.4) C, C, C, C
cosH=l(e”’+e"g) 2 [E)45 %
12 _ _ (6.5) C, C, 4x2
sin6’=§(e'9—e"g) C, C
C G
N A C, G
Approximation with Complex Number 3 [0
TE
cos 27Km _ %[ei(Z/tkm N) +e—i(2/zkm/N)] C, 8x1
(6.6)
sin 27Kkm :_il[ei(Zztkm/N)+e—i(272km’N)] g“
2 2
Cs
Einite series G,
N-lj2Am Cs
Xp=2.Ce N, m=0,12...,N1 6.7) c
k=0 3
_iB C
C, =%, K=0,1,2,..., N-1 N (6.8) ’

— ETEHFRE(Time for Fourier Coefficient Calculations): T,
Determination of C, Fourier Transform(FT) T e N?

Fast Fourier Transform(FFT) T, o Nlog, N

Ci

1 N 2w
C, =N Xq.e N, k=0,1,2,..,N-1 N (6.9) Comparison for Cal. Time
m=0 X N Factor Ratio for T,

Cy =Cy_ : folding frequency fy, =—— (6.10) 4094 2x23x89 12.9
2At 4095 32x5xlzx13 39
=2Real(C 4096 2 !
'l:k_ ( k)}, k=0,1,2,..., N2 6.11) 4097 17x241 28
«= 2Im(C,) 4098 2x3x683 77
4099 - 460
4100 2’x5°x41 6.3

— %% 0¥ O(Trailing Zero):
TN 2REFETRNEE, BrikiisEs,
N=3000 — N=3000+1096=4096=2"
-+ U > 7 B (Link Effect) % fi# 14

GeoScience & GeoENGINEERING LAB GeoScience & GeoENeINEERING LAB
http://www.cm.nitech.ac.jp/maeda-lab/ http://www.cm.nitech.ac.jp/maeda-lab/




Geo-Disaster Prevention Svstem Geo-Disaster Prevention Svstem
-11/16 - -12/16 -

. 9) Fourier Integral: Discrete system / Continuous System
8) Link effect

Time Domain

Frequency Domain

Spectrun)

Frequency or Period

—mmr —

Fourier Transfom
(Fourier Integral)

Arry

(a) Periodic Function: earthquake motion transformed by Fourier series

Fourier Inverse Transfom

(b) Non-periodic function: real earthquake motion 27K 2
X(t) = ZC e’ :Z TC )e T — :for Discrete System 9.1)
1 ¢1/2 42?”“
C, :?L/zx(t)e dt, -—ow<k<o ©9.2)
k 1
fy =7 Af =1, -1, =7 9.3)
k — f
T
T M =2 > df <0 04
TC, : discrete — F(f ): continuos function
LS - f
T
Link Effect in Fourier transform Af = i —>df =0
T 5o TC, discretea F(f ): continuos function 9.5)
X(t) = Z (TC, )e T = o x)=[ F(f)e""df
T/2 e it
TC, 74”2 Tt o F(F)=[ x(t)e™"dt
Fourier transform(Fourier integral): x(t) — F(f)=1im(TC,) 9.6)
Tow
Fourier inverse transform: F(f ) - X(t) 9.7)
Fourier Spectrum: T|C, |
T .
TC, :E(Ak -iBy) 9.8)
TIC, \——,/Ak +B? 7Ix 9.9)
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10) Smoothing / Filters

a) Data Window

b) Spectral Windouw

b} Barletl? £ = K17

©) Parzen 7 4 > K77

05u b

042

14 &

c) Lag Window
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Fourier Amp, (cm/sec)

Fourier Amp, (cm/sec)

Spectrum Window, Parzen's Filter
Number of Data=2048, Nyquist Frequency=1/(2*0.01)
[ T ML | T ML | T ML |

i Band=0.0Hz |]
50 .
4of :
30F ]
20F 3
10F 3
of ]
" M | " A | " A | " "
0.01 0.1 1 10
Period, (sec.)
Spectrum Window, Parzen's Filter
Number of Data=2048, Nyquist Frequency=1/(2*0.01)
T LRI | T LRI | T LRI |
40} . ]
[ :3\ AT \\
- PN AT
F T via “ T
30k Ao~ \ ]
[ . -
W’ T
[ ! \
20F v N .
L F\” \.I - -
L bl ' ]
10F A’h - - - Band=0.5Hz ]
; L R Band=1.0Hz | ]
r —-—--Band=2.0Hz
r et
0_ " M | " A | " A | ]
0.01 0.1 1 10

Period, (sec.)
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— -
sy (RODEAE) Complete collapse CO+@z2mn R
S | rateof buildings ~ \wooden building Storehouse
e —— -
AL alh [
T EEET ] a8 = 3 3 € = =
& A0 & &8 E B3 :. & ® & i
|
8 e
I w] ] N T B !
o 2 ,.U-"\‘_ 11| :
2& z,&-’{ |
e T F & 6w 1
|
| — R“‘i—;“f;:;-.._ Alluvial Land L Ocean, water front
Dilluvial Land . |'-
- —
osg e
-—-..___7_\_\_\—;‘_\_\_\_ —
e
- _\_\_\_‘_‘—‘-—._\_
L T ~———— __ Reclaimed Land

Er— L

HMEICLIEMDWE LB DEER: Relation between the damage of the
building by the earthquake and ground condition: [EELATA TV 1 (FifR
)

Alluvial Land

Recent time Reclaimed Land

ﬁ Dilluvial Land S aaa—m—

Tokyo Bay

REDI+—3—- 7OV FOFB GBI TEEXDE): Process of water-
front and Reclamation in Tokyo-bay
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#BRZE (Recommendation Text and Papers)

) T# - #HEBORRY MLEFTAN] XIFIEE, ESHRE
2) TRRY bLERH) BEHRE SHEEE
3) To—UIfEH KA#E—, HEREE EIROHEFEAMI—X)

For examples
1) “The Fourier Integral and Its Applications”, papoulis, A.(1962), McGraw-Hill
2) “Random Data: Analysis and measurement Procedures”, Bendat, J.S. and Piersol,

A.G.(1971), John Wiley & Sons.
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