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Numerical Analysis Method for a Mass with Linear-System in 1-D

| m X
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y K
c k
dashpot spring
c
mass m
X y
spring-dashpot-mass system structure system
Linear Vibration System
(Mathematical Exact Solution)
(Numerical Solutions) : (Direct Integration Method)
Earthquake Response Spectrum
mx(t)+ cx(t)+ kx(t) = f(t)=—-my(t) (1.1)
+ +
Inertia force viscous force recover force
—m(%(t)+ ¥(t))—cx(t)—kx(t)=0 (1.2)
+ + 0

Mm:  mass [kg]

K: spring coefficient [kg/sec’]

C: viscous damping coefficient [kg/sec]

(t): external force applied to the mass

y(t): f(t) is replaced with acceleration of the ceiling and the ground — my(t) according
to D'Alembert’s law.

X'(t), )'((t), X(t): relative acceleration[m/sec’], velocity[m/sec], and displacement[m] with
respect to the ceiling or the ground, respectively

X(t)+ y(t): absolute displacement

mx(t) :inertia force
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1. Mathematical Exact Solutions: Analytical results
1.1. Free Vibration
f(t)=0, y(t)=0 (1.3)

Linear and homogeneous differential equation

solution = general solution
x(t)=x,(t) (1.4)
Characteristic Equation using differential operator
DX, +2/Dx, + @, X, =0 (1.5)

D : differential operator with respect to time differential (D =d /dt): X, = DX,

5
and X, =D X, -
k
y=—, @ =— (1.6)
m

¥ : viscosity normalized by mass[1/sec]

w, : referential angular frequency[1/sec] / natural circle frequency

T, =L=2—ﬂ=27r\/K (1.7)
f, o, m

T, : referential vibration period[sec] / natural period

f, : referential vibration frequency[1/sec] / natural frequency

Dx, =(;/J_r,/y2—a>§)xg (1.8)

Vibration mode of the system clearly depends on the relative magnitude of viscous damping:

y —w, <0 |c<2vmk normally damped vibration
7 —w, =0 (c=2vmk critically damped vibration : ¢, =2+/mk
yi—o, >0 (c>2vmk over damped vibration

(1.9)
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a) Normally damped vibration

parameters
c<cC, =2vmk,
D=(-y+io)
@° = > _7/2
period
27r 2z 1 T,
T=
© 0o JI_h* 1N
motions

X, (t)=e" [Ag coswt + B sma)t]
X, (t)=e" [{— A, + 0B, }cosa)t + {

— oA, }sm a)t]

):e_}4 [{(7/2 —wz)Ag —2yomB, }cosa)tJr{()/ ) )B +2y0nh, }sma)t]

N 1, (0)= A
initial conditions )'(g(O):—;/Ag +oB
A, =x,(0)
therefore, . g g
{B :{xg (0)+ %, (0)}/0)

complex descriptions

X, (t)=Real[C, exp{(— A —im}}]

(t) Real|C (l 12) exp{(—/l—ia))t}]
(t) Real|C ( A—- Ia))zexp{(—/i—ia))t}]

damping
Viscous damping coefficient
c
C., =2+/mk

Viscosity normalized by mass

(2.10)
@2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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_C
V= om
Logarithmic damping factor
an

D=In

h="C__¢ _7
CCr 2mG a)O
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n+1 X(t+T) 1—h2
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——h=0

——h=0.005

——h=0.01
=0.05

| —h=0.1

(2.19)

(2.20)

(2.21)

(2.22)
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(observed value of fundamental natural period)

structure H45m H 45m
S T,=0.061 N[ ] T,=0.079N[ ]
SRC,RC T,=0.054 N[ ] T,=0.053N[ ]

(observed value of damping factor)
(Steel structure): h=2
(Steel reinforced concrete structure): h=3
(Reinforced concrete structure)  h=5

h=0~25

Here, if h<< 1, we can obtain,

h<<1, D =27h (2.23)
Consequently, we can estimate value of h by measuring D,
D
h<<1, h= (2.24)

27
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b) Critical damped vibration

parameters
C=C, =24/mk, (2.25)
D=—y, (2.26)
o’ =w,-y* =0, (2.27)
period
T= 2_7Z = o (2.28)
(4]
motions

X, (t)= e [(- 1A, + 7B, )+ (- 7B, t)] (2.29)

g
. (2.30)
0)=—7A, + 1B,

Ay =X (O)
therefore, . (2.31)
{Bg =X, (0)/7 +%,(0)
c) Over damped vibration
parameters
c>cC, =2vmk, (2.32)
D=(-y+w), (2.33)
o’ =—( j—;/z), (2.34)
period
72w 2w | ! (2.35)

o o5 Jh -1 h-1
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motions

X, (t)=e" [Ag coshot + B, sinh a)t]

X, (t)=e" [{— YA, + 0B, }cosh ot + {— By — oA, }sinh a)t]
%, (t)=e" [{(}/2 -’ )Ag —2ywaB, }cosh ot + {(}/2 -’ )Bg +2ymoh, }sinh a)t]

(2.36)
N N .
initial conditions )'(g(O):—yAg +aB, (2.37)
A, =x,(0)
therefore, . g g (2.38)
{Bg :{xg (0)+ %, (O)}/a)

An example for vibration behaviours with different h : normally damped, critical damped and over damped

vibrations
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* Euler’s formula

1/ i . 1, i
CosX = —(e'X +e 'X), sin X :—(e'X +e 'X)
2 2
™ = (cos x +isin x)" = (cos nx + i sin nx)
* mechanical vibration system and electric circuit system
k spring

f .
4=@—> spring-dashpot-mass system

m 5
dashpot c} V:T f=m7+cv+kjvdt

R C L
| F—ow
1=q e

electric circuit system

e:L|'+R|+lj|dt
C

* mechanical vibration system and a control system in control engineering: PID control

S, =TDKD%+ er+Ti K, [edt
I
Derivation control + Proportion control + Integration control
PID
S, : control signal

€ : error = target value — current value
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(Non-linear analysis of vibration by numerical method)

(Direct Integration Method)

Newmark B
Xt + At) = x(t)+ At X(0)+ G - ,Bj(At)z $(t)+ B(ALR -x(t+ AL) 239
X(t+At) = X(t)+ (1—y)At- %(t)+ y - At- X(t + At) (2.40)
Newmark B
Y I
(Linear Acceleration Method) 0.5 1/6
(Constant Average Acceleration Method) 0.5 1/4
Wilson 8

(e a) = () At 0)+ L (a0 + (22 ((t+ 0n)— %(0)) 241

X(t + At) = x(t)+ At X‘(t)+%(x‘(t + A)-x(1)) (2.42)

(stability condition of numerical integration)

(unconditionally Stable)

N k <
ewmark At < 2 0.5 p<1/4
@,+\1-4p
Wilson 6 02>1.37
A<=
(4
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)
%(t)+2ha X(t)+*x(t) = —¥(t)

Xioat = AIIXI + Alzxt + Bllyt + Blz yt+AI }
Xeoat = A21Xt + Azz X, + BZlyt + Bzz Yeat

All A12 _ Bll BIZ
[A]:|:A21 A22:|’ [B]_|:BZI BZZ:|

Do)

o . 2 Y
Keoat T 2he Xipat TO Xiiar =~ Yeiar

o . 2
X, +2ho X + o x, =-Y,

o . 2 _ .o
Kiear T 2hw Xipat TO Xpoar = ~Year
Taylor Expansion

Xpoat = X + X AL+ X, -

(at)*
2

Xioat = X T Xy -At

Taylor Expansion
ft+At)=f(t)+At-f'(t,) t<t, <t+At

()a £ (AL
f(t+At)=f(t)+At- f/(t)+ f (tZ)T t<t, <t+At

)
(1) Newmark f

Xy = (1_7)Xt +7 KXo Xy = (1_2ﬂ)xt +2p X at

(at)

Xepar = X + XAl + [(1 - 2ﬂ)xt +2p X at ]T

Xt+A’(

[A]
[B]

=X+ [(1 _7)5(1 +7 Xat ]At
2]
[7]

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)
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(2) Wilson 0
t t+At t+OAt(02>1)

. 2 ..
Xeone T 2he Xt T O Xisont = Yivont» 021 (2.57)

Xioar = (1 - Q)Xt +0- X at } (2.58)
Year = (1 - H)Yt +0Vin

2
Xeoone = X + X (HAt)-i_ |:[1 _gjx ’ g X ont } (eAt)

2
) ) g). 0.
ot = %+ Kl - EJX + 5 Xt ont }(GAt)

In the case of =1,

. 2, 1, AtY
Xipone = % % (At)+ [Ex +§Xt+0Atj|%

(2.59)

1 | (2.60)
Xeont =X + [E X+ 5 X\ ont :|(At)

= Linear Acceleration Method (7 =0.5, S =1/6)
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Earthquake Response Spectrum

(Displacement Response Spectrum): X
(Velocity Response Spectrum) : X
(Acceleration Response Spectrum) : X+ Y

Sy (h, T ) : (Displacement Response Spectrum)
S, (h, T ): (Velocity Response Spectrum)
S, (h, T ): (Acceleration Response Spectrum)

Plots of maximum response values again selected parameters of the system or of forcing function

(earthquake considered) are called ‘response spectra’.

For one-degree system, the natural period (or frequency) is the characteristic that determined its
response to a given forcing function

[J ratio of maximum dynamic stress in a structure to the corresponding static stress

Calculation results of

response for each of — . -

systems N A
' - B I 1 ] - v/ -? :
' I L BNt

BANINDSE

e 1Sl =~

one-degree systems
with different natural : ;
periods (frequency) i

bl FEEE ] BEAET R

[0} EREA-T. BWEN
OREE HaKREn

input force % L
/7 __,———"———*:" .__J

(earthquake) e i)

Maximum response values of systems
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Sy —S,=—S5, (Displacement Response Spectrum)
w 2
S, =S,: (Velocity Response Spectrum)
2 .
S, &S,=—7S,: (Acceleration Response Spectrum)
T
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3 Tripartite response spectrum
1 - —
og$S, =log$, 10g(27r)+10gT 262)
log$S, =log$, +log(27)—logT
RS {gal)
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response spectrum

modal analysis

(base shear coefficient)

Qmax = m(X + y)max
(base shear coefficient)
C — Qmax — (X+ y)max — Sa(haT)
W g g
K

Qmax = I(h W

1
(strain energy): 5 k(Xmax )2
1 k
N (Xmax )2 =
2 m
(maximum energy per unit mass)

(Spectral intensity): I, = ,'-02'15 S,(h, T)dT

: Qmax = k ' Xmax
m-(%+V),. =kx

max

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)
(2.70)
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[Recommended text]

William Weaver, Jr., Stephen P. Timoshenko, Donovan H. Young; Vibration problems in

engineering, 5th edition(?), Wiley Interscience.




