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Spectrum Analysis of Earthquake and Fourier Transform

B

The original of this document was from the above text book.

- Strong-Motion Acceleration: SMAC
Imperial Valley Earthquake at EL Centro(1940.5.18) 326gal
(Record of the first strong motion due to earthquake in the human history)
Arvin-Tahachapi Earthquake at Taft(1952.7.12) 147gal

- Properties of Earthquake Wave
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Finite Fourier Approximation of Time History and Time Series
and its Formulations

1) Approximation of digital time history data with Tri-angle series

Discrete System: At > 0 : data sampling interval

(tys %), (t, %), (%), .o (tyy> Xy ) -..N=(N-1)+1: data: N conditions
Duration Time: T =N At (1.1)
Time: t=mAt(m=0,1,2, ..,N-1) (1.2)
A data point: X, = x(m At)

W\ e

(b) At sec
1 N
N /T\ |
mAAES | | VAN ~
m=0 1 2 | m=m m=15

e

— t=mAl sec

e T=NAt=8sec —

N=16(m=0 — 15) : Xg, X1, «++-.... , X15.
duration time: T=16xA4t

2) Approximation of digital time history data with_infinite tri-angle series

2.1
+ B, +B,sint+B,sin2t+----+B, sinkt +---- @D

What is the period T, of cos(kt)or sin(kt)?

coskt = cos k(t +T, ) = cos(kt + 27r) = COS k(t + 277[]

Ao+A1005t+A20052t+----+Akcoskt+---}

27

Tp = T: As K increases, the period T, decrease

(the frequency f=1/Tj, increases).
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Z[Ak coskt + B, sinkt] (2.2)
k=0
27 27
| t by —t t
replace y T or NAL
= 27kt . 27kt
cos—+ By s 2.3
5| Acos o B @
3) Approximation of digital time history data with finite triangle series
Set k to be from 0 to N/2
N/2 27kt 27kt ] L3 27Kkm 27Km
X = cos + B, sin cos +B, sin—— 3.1
" ;;[Ak NAt  © NAJ kZ;[Ak N « N } G-

Aoa Ala Aza"'a Aka'“’ AN/2
B B B

Here, Number of unknown coefficients is 2(N/2+1) (3.2)
0» B, By, By, By,

Number of unknown coefficient 2(N/2+1) =N+2 > number of conditions (data) N

From partial consideration,

For the case of k=0, Aocoszﬂkm =A-1=A and Bosinzﬂkm =B,-0=0 (3.3)
For the case of k =N/2, By, SinzﬂkTm: By, sinzm =0 (3.4)
Consequently, Eq.(3.1) is reduced to
N/2-1
X = Ay + Z {Ak cos 27K + B, sin 2jzkm}+AN/2 COSM (3.5)
k=1
For convenience
N/2-1
X, =A/2+ Z{Akcos 272k +B sinzﬁm}+AN/2/2cos(’\lT/2)m (3.6)
, A
Pos A Por s A A A N/2+1+N/2-1=N (3.7)
B.,B,, -, Bk, -, By
Therefore,
Numbers of unknown coefficient N = Condition Equation N (3.8)
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4) Determination of Ax and By with orthogonal property of triangle functions

/ Why do we use triangle functions for Fourier approximation?

(We utilize orthogonal property for Triangle Functions)

2cosa-cos B = cos(a + B)+cos(a— ) (a)
2cosa -sin 8 = cos(a + B)—sin(a - ) (b)
2sina -sin f§ = —cos(a + )+ cos(a — ) (c)
2cos’ a =1+cos2a (d)
2sin’ @ =1-cos2a (e)
cosa +cos(a + f3)+cos(a +28)+----+cos{a + (N —1)3}
N -1 . Np
) cos(a+2,8]sm2 )
sinﬁ
sina +sin(a + B)+sin(a +28)+---- +sinfa + (N —1)8}
: N -1 . Np
sm(a+ ﬂjsm 5 (@)
siné
if a =0, summarize the results.
N1 cosN_l,&sinM
Zcosﬁm: 2 2 (h)
m=0 siné
N—1 sinN_lﬂ-sinM
3 sin fim = —2 2 Q)
m=0 siné
= 274m 27km [N/2 k=
cos cos =
-~ N N 0 k=l
& 27m . 2zkm [N/2 k=1 ,
s1 sin = )
m=0 N N 0 k=l
. 272m 27km
ZSIH cos =0
m=0 N N
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For Ay
Ay | For example, we calculate the factor A,
N/2-1
X :A0/2+ z |:A| C0827:\.||m+B| Sil’lZﬂIm:|+AN/2/2(:osM 4.1)
1=1
1) cos(27km/N) / Multiplication of cos(27km/N) to Eq.(4.1).
X, cos(27km/N )= icos 27Km
2 N
N/2-1
+ z A cos 27dm cos 27km + B, sin 2dm cos 27Km
=1 N N N N
A
+—2 cos 27[(N/2)m cos 27Km 4.2)
2 N N
2)ym=0 m=N -1 / Summation from m=0 to m=N-1 in Eq. (4.2)
N-1 N-1
> X, cos(27km/N ) = iZ:cos 27Km (>0)
m=0 2 m=0 N
N/2-1[ N-1
+ Z Z A cos 2zm cos 272K
1=l [ m=0 N N
NS 270m  2zkm
+ B, si cos (>0)
I=1 m=0 N
A
+—2 cos 27z(N/2)m Cos 27k (-=>0) 4.3)
2 N N
Ist term, 3rd term and 4th term in right formula =0 with account for the orthogonal
N-1 N/2-1 N-1
D Xy cos(27km/N)= > Al D cos 2dm cos 27Km (4.4)
m=0 I=1 m=0 N N
N/2-1 N
Z A Zcos2ﬂlmcos2ﬂkm =A-0+A -0+---+A -ﬁ+---+ Avjpa 0 (45)
= Lo N N 2
28 27km
=) x_ cos (4.6)
N m=l1
2E 27km
AﬁﬁmZ:;XmCOS k=0,1,2,--,N/2—1,N/2 “n
N_l = .o —_— ’
Bkzi Xmsin2ﬂkm k=1,2,--,N/2-1
N
N-1
i = i X, : mean value (4.8)
2 N

GeoScience & GEoENGINEERING LAB
http://www.cm.nitech.ac.jp/maeda-lab/




Geo-Disaster PreVENTION SysTEM

3) X(t) : Fourier Approximation

t=mAt, m= t
At

NE! 27kt 27kt 27(N/2)t

X(t)~ 2+ cos + B, sin—— [+ A, /2cos————

0=~/ Zﬂ“ N At B A/ N At
IR
(a) N\ /N "\

2 RS f=—f—, T=NAL

NAt 2

(d) P e T e T T e e T e T e T T
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5) Spectrum Properties
N 27kt 27kt 27(N/2t
X(t)= 2+ cos + B, sin + A, /2co 5.1
t)=A/ ;{Ak S ap BesinS o 1+ Ay [2c0s T = (5.1)
1) Frequency/Period
o, =k _oK (5.2)
NAt T
P2 TONAT 1k Kk .
o, Kk k T, T NAT
k=0, f,=1,=0 (Cascade Component)
AO 1 N-I
—=—)> X, 5.4
TN Z (54)
k=0, f, #0:
f < f fN/z 1 fN/2’ T1 >T2 >'“TN/2—1 >TN/2 (5.5)
Discontinuity of Decomposed Frequency
1
Af=f .  —f =— 5.6
k+1 k NAt ( )
2) (Fundamental Frequency)
= l = l = —1 (5.7)
YT, T ONAT '
3) (Nyquist Frequency) Resolving power
/: Limit value of detection possible high frequency
fyp == (5.8)
YPUT,, 24T
1
At=0.01 )— fy,=———=50Hz 5.9
Gee)= T2 =7 001 G2
4) (Amplitude/Phase Angle) 2
A, cos(at)+B, sin(wt)= X, cos(at +¢) (5.10)
= A +B; (5.11)
¢=tan'{—&J (5.12)
A
4) (Fourier Amplitude Spectrum/ Fourier Spectrum)
%Xk dimension: [Xk][sec.] (5.13)
5) (Power Spectrum): Invariant Value
N-1 N/2-1
S 2AL=T|C,[ +2 > T|Ck|2+T‘CN/2‘2 C,: (5.14)
m=0 k=1
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Fourier Amp, (cm/sec)

800

600 [ PI-83m, NS-component ]

200

-200 |-
-400 |-
-600 |-

-800

10 15 20
Time (sec.)

250
200 F
150
100 F
50 |

50 |
-100 F
-150 F
200
250 L

Kushiro West port, NS-componentE

500

20

40 60 80 100
Time (sec.)

400 -
300 |
200
100

-100
-200
-300
-400
-500

Sanriku Harukaoki, NS-componenj

60 80 100
Time (sec.)

100}

10}

Kushirooki .
--—-- Harukaoki
—PI-83NS

1 10
Period, (sec.)

GeoScience & GEoENGINEERING LAB

http://www.cm.nitech.ac.jp/maeda-lab/




Geo-Disaster PreVENTION SysTEM

- 9/16 -
6) Finite Fourier Approximation with Complex Number
c=a+ib: c:complex number, a:realpart, b :imaginary part, 1 =~/—1 (6.1)
|C| =+/a’+Db’ : absolute value (6.2)
c-c = |C|2, ¢ =a—ib: conjugate complex number (6.3)
et = (cos@ +isin 19): Euler’s Formula (6.4)
1/ . _
cosf = —(e"’ + e"‘g)
P (6.5)
sin = —(e'g —e*"’)
2
Approximation with Complex Number
cos 27Km _ l[ei(Z;zkm/N) +e—i(2nkm/N)]
27:'2' % (6.6)
sin m_ _i_[ei(Zzzkm/N) +e—i(27zkm/N)]
2
Finite series
N-1 ;27km
Xp=>.Ce N, m=0,1,2...,N1 (6.7)
k=0
—iB
C, :%, k=0,1,2,...N-1 N (6.8)
Determination of C,
1 N _j27km
Co=—>xe N, k=012..,N1 N (6.9)
N &=
1
C, =C,_, : folding frequency f,,=—— 6.10
k N—k g frequency Ty, AL (6.10)
=2Real(C
A () , k=0,1,2,...,NI2 (6.11)
B,= 2Im(C,)
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7) Fast Fourier Transform FFT

c, C, C C C, C, C, C,

c, C, C, C,
C, C C,C,
2
c, C,
C2 Cé
C, C,
c, C,
3
CO
C4
C2
C6
C:1
CS
C3
C

-2

2x4

4x2

8x1

(Time for Fourier Coefficient Calculations): T,

Fourier Transform(FT)

T, ocN?

cal

Fast Fourier Transform(FFT) T, oc Nlog, N

Comparison for Cal. Time

N Factor Ratio for T,
4094 2x23%89 12.9
4095 32x5x7x13 3.9
4096 212 1
4097 17x241 28
4098 2x3x683 77
4099 - 460
4100 22x5%x41 6.3

(Trailing Zero):

N 2

N=3000 — N=3000+1096=4096=2"

(Link Effect)
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8) Link effect

(b)

(a) Periodic Function: earthquake motion transformed by Fourier series
(b) Non-periodic function: real earthquake motion

FEa4-11 Y 7y

Link Effect in Fourier transform
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9) Fourier Integral: Discrete system / Continuous System
Time Domain Frequency Domain
Spectrum
I/\ /\ /\/\ . /\/\/\‘\
V \/ V'V Time
Frequency or Period
Fourier Transfom
(Fourier Integral)
Fourier Inverse Transfom
27kt © 27kt
X(t) = ZC e’ —z TC )e T — : for Discrete System 9.1
1 / 7i27zkt
Ck_?J'_ (t Tdt, -cw<k<ow (9.2)
k 1
fk ?, Af = ka fk :? (93)
LS — f
T
T o Af = _I_l—>df ~ 9:4)
TC, :discrete — F(f ): continuos function
LS — f
T

Af =L 5 df ~0
T

TC, discrete " F(f ):continuos function

9.5)
X(t) = _Z(TC e T T x(t)=[ F(f)e""df

TCo=—[ (t)e - F(f)=[" x(tle™"dt

Fourier transform(Fourier integral): x(t) — F(f)=1im(TC,)

(TC, (9.6)
F(f) — x(t) 9.7)
Fourier Spectrum: T|Ck|

Fourier inverse transform:

6. -Tia )

T T
T|ck|=?/Aj+Bk2 =5xk

(9.8)

(9.9)
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10) Smoothing / Filters

a) Data Window

b) Spectral Windouw

(a) BAWI 1> FT

2.0u

15u

0.5u

-0.5u -

E6-6 27 -

(b) Bartlett « > K7

(c) Parzen 7 1 > K7
1.0u!—

VS

1.0
04420
0
VAo 050
an
0.25/ ™, 0.25
/
’ AN
7 N
-1 0 1
29420 0375
025 -7 | “~_02s
// ™
0.0625 .~ ™ 0.0625
| B
- -1 0 1 2

¢) Lag Window
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Fourier Amp, (cm/sec)

Fourier Amp, (cm/sec)

Spectrum Window, Parzen's Filter

Number of Data=2048, Nyquist Frequency=1/(2*0.01)
i ' vrrrTTn ' vrrrTTn ' vrrrTTn
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40 F ;
30F .
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3y [EWORAK) Complete collapse C Oz mm Wl &
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building by the earthquake and ground condition:
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Recommendation Text and Papers

1) ,
2) :
3) ,

For examples
1) “The Fourier Integral and Its Applications”, papoulis, A.(1962), McGraw-Hill

2) “Random Data: Analysis and measurement Procedures”, Bendat, J.S. and Piersol,

A.G.(1971), John Wiley & Sons.
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