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Partial Differential Equations and Finite Difference Method

(Clarification of partial differential equations with 2" order)

1.
11 (Conical curve geometry and quadratic curve on the section of conical)
u=u(x, y) (1)
Ax® +Bxy+Cy’ +Dx+Ey =G )
Ellipse
Cicle (Bz _4AC<O)
Parabola
(B2 -4AC=0)
Hyperbola
(B°-4AC>0)

Conic Sections

)B?—4AC <0: Ellipse
Y)B?—4AC =0: (Parabola)
YyB?—4AC >0: (Hyperbola)

Partial Differential Equations
au ou o%u o%u o%u
U:U(X, y)' Uy =—-, uy:_' uxx__z’ uyy:_z’ uxy: (3)
X oy OX oy OX oy

1.2

Au, +Bu,, +Cu, +Du, +Eu, +Fu=0G (4)

)B?—4AC <0: : steady state

=0 u,+u,=0 ()

+ =f uxx+uyy:f (6)

2 2
u owu
Laplace Eq. —+—
oxX® oy
. o%u
Poisson Eq. —
oy

o%u
XZ

Y)B?—4AC =0: (heat flux) (diffusion) (consolidation)
gt—u:azg% u, zozzuXX @)

YyB?—4AC >0: undulation, vibration Wave propagation
Z%I:az% Uy zozzuXX 8)
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2. (Finite difference equation of differential equations with 2" order)

2.1 (Parabola type): thermal conduction

Taylor’s expansion of a temperature T(t, X) as function of time t and location x.

_ O px e LT A2+ 29T Ay Y s
T (b, ) = 71,0+t 2 S (A + 22 () +0o((ax)) ©)
_ COT e 10T a2~ 29T gy ¢
T (tx =290 = (£, 2 () ~ 2 (ax) +ol(ax)’) (10)
By eq.(9) and eq.(10),
N LI CT(x—
From (9)-(10): Tx_ax 2AX[T(x+Ax, t)-T(x—Ax, t)] (11)
2
’ =ZTT2z§[T(X+AX, £)4+T (x— Ax, t)— 2T (x, t)]
From (9)+(10): _ 2 {T(x+Ax,t)+T(x—Ax,t)_T(X t)}
(Ax)’ 2 |
ar _ 0T 2 {T(x+Ax,t)+T(x—Ax,t)_T(X t)} 12)
ot ox*  (Ax) 2 ’
a {T(x+Ax,t)+T(x—Ax,t)_T(X t)} 13)
ot 2 ’
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Temprature

A

Temprature Distribution at time t

éT(x—Ax, t) +§'|'(X+AX, t)

2
i X

’ ' >
X X+X
Ty means curvature of temperature distribution.

T.>0: x

XX —

(inflow)

When Ty is lower then that around x, Ty, >0 and heat flux flow in region x.

T,=0: X
T, <0: x

XX —

(no flow)

(outflow)

X

When Ty is lower then that around x, temperature Ty in region x increases.

X
X
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2.2 (hyperbola type): Wave conduction
Z—izi u(x+Ax, t)—u(x—Ax, t)] (14)
2
%z%[u(xthx,tﬁ u(x—Ax, t)—2u(x, )]
X2 AX
2 [u(x+Axt)+u(x—Ax,t) ()
S —u(x,1)
(Ax) 2
Displacement
4 Displacement Disiribution of String at fime t
xt)
X
>
u(x, t) u,>0:
u(x, t) u,=0:
u(x, t) u, <0:
o2 _ ou 2 [u(x+Ax,t)+u(x—Ax,t _u(x t)} 16)
ot? ox?  (Ax)? 2 ’
2
o'u u(x+Ax,t)+u(x—Ax,t)_u(X,t) an
ot? 2
o’u
X — X
atZ
u(x, t) X U, >0
u(x,t X u, =0
utx, X U, <0
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e
52
2 2y _
(@) Viu=u, +u, <0 (b) Viu=u, +u, 20
2.3 (Elliptic type)
Laplace
Viu=0
Poisson
Viu=f
Viu=-p:
2 .
VT =—g(x, y): g(x,y)>0 . 9(x,y)>0
Helmholtz
Vu+Au=0:
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