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Multi-reflection theory for one-dimensional wave in multi-layers system 
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  : refer to Navier-Stokes Equation for viscous fluid
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    : h is damping factor.     (B) 
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sV  indicates shear velocity with account for viscosity (C) 

 

Substituting (C) into (A), we can obtain, 
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GiGViGV ss  *
  : complex shear velocity   (E) 

where, G  is usually small so that it could be negligible, so we apply Taylor’s expansion to (E) and 

then (E) reduce to  
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Substituting (F) into (C), we can obtain, 
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This solution means that wave is attenuated while propagating with velocity of Vs and the damping is 

exponential term which is proportional to. 
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Therefore, displacement can be described as 
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When we use G*, (A) can be rewritten by the following equation. 
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          (I) 

 hiGG 21*    : complex shear modulus     (J) 

( one of empirical relations: sVh 0002.0017.0  ) 
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1) Upward wave and Downward wave with only SH component in Horizontal Layers 

Displacement function in the m-th layer 

       tzkiBtzkiAtzu mmmmmmmm   expexp,   (4.1) 

mm

m
V

k


 2
 : wave number ( mmm fV 






2
 )  

   (4.2) 

icVV  1Re
: complex velocity    (4.3) 

 hiGG 21Re  : complex shear modulus    (4.4) 

Shear stress – shear strain described by displacement fields 
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        tzkiBtzkiAkiGtz mmmmmmmmmm   expexp,  (4.6) 

Matrix description in m-th layer for amplitude 
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at 0mz  
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at mm zz   
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at mm Hz   
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Boundary condition at the interface between (m-1)th and m-th layers 

at 11   mm Hz  and 0mz
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Recurrence formulation for amplitude in m-th layer assessed by that of 1st layer 
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where, 

      1211 SSSR mmm              (4.15) 

 

at the ground surface: 01 z  

  001              (4.16) 

Therefore,  
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The above results are summarized as follows: 
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2) Frequency Response Function（周波数応答関数） 

From Eq.(4.1),  
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3) Amplification Factor (増幅率) 

 

From Eq.(4.13) and Eq.(4.14) 
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mmV  is wave impedance(波動インピーダンス) 

  is impedance ratio 

 

From Eq.(4.8) and Eq.(4.17), we can obtain the following relation, 
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  001        (4.16) 

the following relation is obtained 

11 BA    ( from Eq.(4.7)’ and Eq.(4.16))  (4.26) 

  11 20 Au   ( from Eq.(4.7)’ and Eq.(4.26))  (4.27) 

 

Amplitude in m-th layer assessed by that of 1st layer 
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where, 

      1211 TTTQ mmm        (4.29) 
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4) Fundamental consideration in two-layer system 

Resonance and sympathetic vibration in tow-layer system 

 

 

Geometries in resonance of two layer system 

 

For two layers,  
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[ Natural Period(Frequency) ]  
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[ Energy ]  
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If a wave propagates from hard material to soft material (Vs decreases), the 

amplitude increases under constant energy. 
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For multi-layers,  

[ Natural Period(Frequency) ]   Simple approximations 
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Examples for seismic isolation effect 
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 Shake Table

 Water Pack(1mPa s)

 High Viscous Fluid Pack(10
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mPa s)

 Saturated Sand Pack(Toyoura Sand)

 Saturated Sand Pack(Sohma Sand)
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