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Multi-reflection theory for one-dimensional wave in multi-layers system

Surface
7 (0 =0 / Layer 1 g,V hy H, 121 X
---------------------------------- -
ayer 2 sV H, 123 8= o (2,)
........... SH Wave
H 4
O (  RRRRLEEELEEELEEELEELEEE LD 1' U=l (2, £ T W= T Wiz, )
?’—M-J(HM-I):Z—M(G) ek pmVM kd Ao z k.=l G,=0_-V7*

iﬁﬁl“ﬂ ' N I T

upward wave downward wave

Reflection and Refraction

GroSeiENCE & GEOENGINEERING ILAB,




GEeo-Disasier PrEVENTION SYsTEM

2/10

2 2 3

pa—l: = Gi( )+cg 6_7/ = Ga—gﬂya—zu : refer to Navier-Stokes Equation for viscous fluid
ot 0z o0z \ ot oz oz ot
(A)

G . .
n=—2h : h is damping factor. (B)

w

- Z *
u(z, t) = exp{l a)[t - v ﬂ ,here, V. indicates shear velocity with account for viscosity ©

S

Substituting (C) into (A), we can obtain,

P\, =G +ine (D)
V. =\/G+inw=V,\/G+inw/G : complex shear velocity (E)

where, 77a)/G is usually small so that it could be negligible, so we apply Taylor’s expansion to (E) and
then (E) reduce to

1 i Lo ).
V. V.U 2 G

Substituting (F) into (C), we can obtain,

N P O _no’z
u(z,t)—exp[la{t v Hexp[ 2VSG} (G)

This solution means that wave is attenuated while propagating with velocity of Vs and the damping is

exponential term which is proportional toz.

Otherwise, logarithm damping ratio ¢ = In (ﬁ] =In [ﬁ] =..=27h. =>eq.(B)
a2 a3
Therefore, displacement can be described as
. z 27 -z
u(z, t): exp|lio| t—— exp[— il } (A= 27, : wave length) (H)
V, AG @

When we use G, (A) can be rewritten by the following equation.

o’'u  _.0%

vy _g9d |
P o oz’ ®
G =G(1+i2h) : complex shear modulus )

( one of empirical relations: h ~ 0.017 +0.0002V, )
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1) Upward wave and Downward wave with only SH component in Horizontal Layers
Displacement function in the m-th layer
u,(z,.t)=A, explik,z, +ot)]+B, expli(k,z, —t)] @.1)
kK, = “ 2—7[: wave number (V, = A, = ﬂﬂm)
V. - 2
4.2)
V =V Jl+icw : complex velocity (4.3)
G~GF (l+ i2h) : complex shear modulus (4.4)
Shear stress — shear strain described by displacement fields
ou. . . i
r=7 =ik, [A, expli(k,z, +ot)}-B, exp{-i(k,z, —at)] 45
Z

z,.(z,,t)=iG k,[A, expli(k,z, +«t)}—B, exp{-i(k,z, —at)]] (4.6)
Matrix description in m-th layer for amplitude

{um(zm)}{ exp(ik. 2, ) exp(-ik,z, ) HAm} @)

r.(z,)] |iG,k,exp(ik,z,) —iGk,exp(-ik,z,)||B,

at z, =0
u,(0) [ 1 _1 A, -
7. (0)] |iG,k, -iGk, ||B,

at z,=12,

e Rl
{: E:;}: [5%8} (4.10)

sink H
[Sm]|: cosk,H,, Gk ]{umg;} @11)

-G, k,sink H, cossink H_ Fm

Boundary condition at the interface between (m-1)th and m-th layers

at z,,=H,, and z,=0 {um(O)} = {um_l(H m_l)} (4.12)

Tm (0) T4 (H m—l)

{lrj: 8} =[S ]{::: 8} (4.13)
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Recurrence formulation for amplitude in m-th layer assessed by that of 1st layer

{LTJ: 8} ) [le]{:i 83} (4.14)

Rl ST S B R S P
BB, ] s .

at the ground surface: z, =0
7,(0)=0 (4.16)
Therefore,

{i: 8} - [Rm*}{wc()())} 4.17)
The above results are summarized as follows:
(i) %)

{um(zm)}: cosk. 2. sig KinZon {um(o)}
Tm(Zm) -G, k,sinsink _z_ COST(mr;m Tm(o)

(4.18)
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2) Frequency Response Function (/&7 ¢/ 2 5%)
From Eq.(4.1),
1 [
Al 1|7 Gk, |[u.(0)
{Bn} 2|, 1 {rn(O)} (4.19)
Gnkn
Tn (O) = Rn—l(z’ 1) ul(o)
_u,(0) _Ru(21)
A== {Rn (@1)-i Gk (4.21)
2
U,(o) (4.22)

O R+ RG]
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3) Amplification Factor (/55

From Eq.(4.13) and Eq.(4.14)

Al Ans
{Bm} = [Tml]{Bm_l} (4.23)

1 1 .
[T ] §(1+am l)exp(lkm le l) E(l_am—l)exp(_lkm—le—l)
Y
%(1_am l)exp(ikm le—l) %(l+aml)exp(_ikmlel)
(4.24)
where
a = G(rgl::ml _ PV (4.25)

PV, iswave impedance( &)1 > £°— 52 X)
o _is impedance ratio

From Eqg.(4.8) and Eq.(4.17), we can obtain the following relation,

(o)l i o]

7,(0)=0 (4.16)
the following relation is obtained

A =B, (fromEq.(4.7)’ and Eq.(4.16)) (4.26)

u,(0)=2A, (from Eq.(4.7)’ and Eq.(4.26)) (4.27)

Amplitude in m-th layer assessed by that of 1st layer

REen

where,

[OMPE | PR | Y REE (4.29)
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4) Fundamental consideration in two-layer system

Resonance and sympathetic vibration in tow-layer system

Surface

|0 =t ,(z, U

LR L X1

First Mode(Fundamerntol) Secondary Mode Third Mode

Geometries in resonance of two layer system

For two layers,
[ Amplification ]
1
= B =

A=5 cos(k,H, )+iasin(k,H

_ cos(k,H, )—ia;sin (lel)Az (b)
5 —
cos(k,H, )+ie,sin(kH,)

[ Natural Period(Frequency) ]

) @

cosk,H, =0
a)n=27zfn=272'£=2ﬂvl;=(2|—l)wl (1=1,2, ......)
A, 4 2H,
Hl
( (2l—1)J
_A V= 4= f—2H
Tnzz_ﬂ-zizvl(m—_l) (C)
i 4H,
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[ Energy ]
E=%p-V-w2-|A|2 )
Propagation energy per unit time
kinematics
1 1 1
(Educ =| 3mV? [ =20 ) =2 v (AT
potential

€l =30 = o [ o o

If a wave propagates from hard material to soft material (Vs decreases), the

amplitude increases under constant energy.

cos?(k,H, )+a,”sin?(k,H,)

(e)

=1

m |Hrr| m |4rr|

0

For multi-layers,

[ Natural Period(Frequency)]  Simple approximations

n 4H.
(i) T:£+---+ﬁ:ﬂ+...+4Hn — j
Vl Vn Vl Vn j=1 Vj
4% H DViH
(H) T= vV ! Vave: J:1n
ave ZHJ
j=1
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Examples for seismic isolation effect

1 F T T T T T T T T
F Shake Table
% - - - Water Pack(1mPa s)
N -~ Water Pack « + + +High Viscous Fluid Pack(10'mPa s)
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